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Hierarchical Low-Rank Formats

H

® low-rank blocks represented as

Avg = Uro- VI

each low-rank block uses own row and
column bases

lax handling of admissibility

Advantages:

® no dependency between low-rank blocks
due to data representation,
® simple and efficient (parallel) arithmetic

Disadvantages:

® non-optimal storage costs for matrix
(O (nlog n))
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Hierarchical Low-Rank Formats

Uniform-H

® low-rank blocks represented as
Ar,a = UT ’ Sr,a 'V(Iy_l

® row/column bases shared by all blocks with
same indexset

stricter handling of admissibility
Advantages:

® optimal storage costs for matrix (O (n))

® data dependency only per level per block

row/column
® simple and efficient arithmetic

Disadvantages:

® non-optimal storage cost for bases
(O (nlog n)
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Hierarchical Low-Rank Formats

® low-rank blocks represented as

Ar,a = ur ) Sr,o VgH

® row/column bases shared by all blocks with
non-disjoint indexsets

® bases are nested

® strict handling of admissibility
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Advantages:
® optimal storage costs for matrix and bases
(O (n))
® Disadvantages:

® high dependency between low-rank blocks,
® only implicit block/basis data
® much more complicated arithmetic
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Uniform-H Arithmetic

Uniform-H Construction

Goal

Use existing method to construct ‘H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.



Uniform-H Arithmetic

Uniform-H Construction

Coal
Use existing method to construct ‘H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction’)

first low-rank block A; s = Uz g - Vﬁg

@ OR-factorization:
WRW = UT,U [

XRX = Vr,a l

guT :Wr VU ::X

© S,y = RJR I [

'S. Borm: “Efficient numerical methods for non-local operators. H*-matrix compression, algorithms and analysis”, EMS Tracts Math. 14, 2010




Uniform-H Arithmetic

Uniform-H Construction

Goal

Use existing method to construct ‘H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction’)

Update row cluster basis for
| I N

(uTST,mV;I o uTST,U,VgI WTT,UXH) I r—r—r—r—r—\

'S. Borm: “Efficient numerical methods for non-local operators. H?-matrix compression, algorithms and analysis”, EMS Tracts Math. 14, 2010



Uniform-H Arithmetic

Uniform-H Construction

Coal

Use existing method to construct H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction')

Update row cluster basis for
| N R

(ursr,m V(';/ "' uTSTrUiVUI_! WTT'UX/_/)
-
s o ("
o 7,0 .
= (U, W)( A Tm)




Uniform-H Arithmetic

Uniform-H Construction
Coal

Use existing method to construct ‘H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction’)

Update row cluster basis for

(uTST'mV‘;/ o UeSe gV W, X1 I————
S -0
= (Us W)( Bm TM)
1™

'S. Borm: “Efficient numerical methods for non-local operators. H?-matrix compression, algorithms and analysis”, EMS Tracts Math. 14, 2010



Uniform-H Arithmetic

Uniform-H Construction

Goal

Use existing method to construct ‘H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction’)

Update row cluster basis for
| I N

(ursr,m V;’ o UTST,U,V(I}! WTT,UXH) I
Seg - 0O
= (u‘r W) ( am R Tr,o)
— (U, W)R"Q" ==

'S. Borm: “Efficient numerical methods for non-local operators. H?-matrix compression, algorithms and analysis”, EMS Tracts Math. 14, 2010



Uniform-H Arithmetic

Uniform-H Construction

Coal
Use existing method to construct ‘H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction’)

Update row cluster basis for

( ST U1V¢§1I e uTST,U,V(I)—_! WTT,UXH) I
ST o 0

(UT W) ( 0 1 . Trlg)

= (U W) RHQH I A

~ (U W)R"

MS Tracts Math. 14, 2010

'S. Borm: “Efficient numerical methods for non-local operators. H“-matrix compression, algorithms and analysis.’,



Uniform-H Arithmetic

Uniform-H Construction

Goal

Use existing method to construct ‘H-matrices with standard low-rank blocks and

convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H?-construction’)

Update row cluster basis for

U,

=

0 .. T‘r,o
(uT W) RHQH I k
- W

I T T r]

(USea Vo UeSeaVi WT, X" Wﬂﬂ
( ) (STUW O ) I

with basis approximation defined by precision «.

'S. Borm: “Efficient numerical methods for non-local operators. H“-matrix compression, algorithms and analysis.’,
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Uniform-H Arithmetic

|dea

Extend H-arithmetic by updating bases when a matrix block is modified.

Use accumulated H-arithmetic to reduce number of block updates.

Matrix multiplication C = C + AB

function HmuL(inout: C, in: Ac, Pc)
for all pending upd. (A;, B;) € Pc do
if (A;, B;) is computable then
AC o= .AC—FA[ : Bi

if C has sub-blocks then
for all sub-blocks C;; do
Hmul(C[j,Ac|cu,'Pc‘ql);

else
C=C+ Ag



U n i_fo r m —H A rlt h m etlc Uniform-H Arithmetic

|dea

Extend H-arithmetic by updating bases when a matrix block is modified.

Use accumulated H-arithmetic to reduce number of block updates.

Matrix multiplication C = C + AB

function HmuL(inout: C, in: Ac, Pc) function UNiHmuL(inout: C, in: Ac, Pc)
for all pending upd. (A;, B;) € Pc do for all pending upd. (A;, B;) € Pc do
if (A;, B;) is computable then if (A;, B;) is computable then
Ac=Ac+ A B Ac=Ac+ A B
if C has sub-blocks then if C has sub-blocks then
for all sub-blocks C;; do for all sub-blocks Cj; do
Hmul(C[j,AdCu,'Pc Ql); UniHmul(Ci/-,Ac|Q/,Pc|Q/);
else else
C:=C+ A C:=C+ Ag

Update Bases;



U n i_fo r m —H A rlt h m etlc Uniform-H Arithmetic

|dea

Extend H-arithmetic by updating bases when a matrix block is modified.

Use accumulated H-arithmetic to reduce number of block updates.

Matrix multiplication C = C + AB

function HmuL(inout: C, in: Ac, Pc) function UNiHmuL(inout: C, in: Ac, Pc)
for all pending upd. (A;, B;) € Pc do for all pending upd. (A;, B;) € Pc do
if (A;, B;) is computable then if (A;, B;) is computable then
AC =Ac+ A B Ac = Ac+ A - B (Opﬂmlzed)
if C has sub-blocks then if C has sub-blocks then
for all sub-blocks C;; do for all sub-blocks Cj; do
Hmul(C[j,AdCu,'Pc Ql); UniHmul(Ci/-,Ac|Q/,Pc|Q/);
else else
C:=C+ A C:=C+ Ag

Update Bases;
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Uniform-H Arithmetic

Optimized evaluation of updates A;B;:

S ABi=Y AB+Y AB+Y AB+Y AB

ulrx ulr gxulr ulrxg gxg

Y AB = U | Y SVIULSP | VY
ulrxulr ulrxulr

Y ABi=| ) AUSE| VI

gxulr gxulr

> ABi= U, <Z Sf‘vifBi>

ulrxg ulrxg

ZA[B[ =ZA[B[

gxg gxg



Uniform-H Arithmetic

Uniform-H Arithmetic

Optimized evaluation of updates A;B;:

zz:,A[Ei = zz: AiB; + }Z: AiB; + zz:‘AiEi +’§Z:/Ai£i

ulrx ulr gxulr ulrxg gxg

Y AB= U | Y SVULSP| VY
ulrxulr ulrxulr
Y ABi=| ) AUSP| VI
gxulr gxulr
Z ABi = U; <Z SLAVTl;/Bi>
ulrxg ulrxg
Y ABi=) AB
gxg gxg

Red: dense matrices.
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La p [a Ce S L P Numerical Results

Solve

1
/ ulx)dy = f(x), xel =00 c R’
rlx—uyl

Matrix entries:

1
M;j —/ ————dx;dx;
ti i |Xf—X/|2



Lap[ace SLP Numerical Results
Matrix Memory (per DoF)
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Lap[ace SLP Numerical Results
Total Memory (per DoF)
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Ranks
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Numerical Results

lLaplace SLP

Runtime for Matrix Multiplication (per DoF)
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Numerical Results

lLaplace SLP
Parallel Speedup for Matrix Multiplication
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Numerical Results

lLaplace SLP

Runtime for LU factorization (per DoF)
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La p [a Ce S L P Numerical Results

Memory for LU factorization (per DoF)
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Mij = e Yhimxl’

x; € [0,1P (random)

R Kriemann, »Uniform-H« 13



Numerical Results

Gaussian Kernel

Total Memory (per DoF)
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Ranks

R Kriemann, »Uniform-H«
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Numerical Results

Gaussian Kernel

Runtime for Matrix Multiplication (per DoF)
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Matérn Covariance

My = - (L) i, (Ll

x; € [0,1] (random)



Numerical Results

Matérn Covariance

Total Memory (per DoF)
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Numerical Results

Matérn Covariance

Memory for LU factorization (per DoF)
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Conclusion

Compression

Uniform-H is (normally) much more efficient than H and close to H?.

Arithmetic
Uniform-H is comparable with H.

But what about H?2?

When to use?
If both compression and arithmetic are needed.
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Can we do more?

Use ZFP' or Posits? to further compress HLR data.

Laplace, e = 10~*

= Uniform-H
++=  Uniform-H+ZFP
== Uniform-H+Posits
— - Uniform-H FP32
=
>
S e T T
E —l—-.—l_-——l—_
2 ~ e
-~ __--____._————
e T v RS Tiiutn TP PSP
3 o 12 N o o L N ®
oo W N '\b”-’% %,i\% bsg’b \%\Q'\ r)f:;q:\b‘ 61@,‘6
"Lindstrom: “Fixed-Rate ¢ ompressed Floating-Point Arrays.”, IEEE Trans. on Vis. and Computer Graphics, 2014

“Gustafson, Yonemoto: “Beating Floating Point at its Own Game: Posit Arithmetic’, Supercomp. Frontiers and Innovations, 2017



Can we do more?

Use ZFP' or Posits? to further compress HLR data.

Laplace, e = 107°

= Uniform-H
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Can we do more?

Use ZFP' or Posits? to further compress HLR data.

Laplace, e = 1078

= Uniform-H
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Can we do more?

Use ZFP' or Posits? to further compress HLR data.
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