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Hierarchical Low-Rank Formats

H
• low-rank blocks represented as

Aτ,σ = Uτ,σ · V H
τ,σ

• each low-rank block uses own row and
column bases

• lax handling of admissibility
• Advantages:

• no dependency between low-rank blocks
due to data representation,

• simple and efficient (parallel) arithmetic
• Disadvantages:

• non-optimal storage costs for matrix
(O (n log n))
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Hierarchical Low-Rank Formats

Uniform-H
• low-rank blocks represented as

Aτ,σ = Uτ · Sτ,σ · VH
σ

• row/column bases shared by all blocks with
same indexset

• stricter handling of admissibility
• Advantages:

• optimal storage costs for matrix (O (n))
• data dependency only per level per block

row/column
• simple and efficient arithmetic

• Disadvantages:
• non-optimal storage cost for bases

(O (n log n))
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Hierarchical Low-Rank Formats

H2

• low-rank blocks represented as

Aτ,σ = Uτ · Sτ,σ · VH
σ

• row/column bases shared by all blocks with
non-disjoint indexsets

• bases are nested
• strict handling of admissibility
• Advantages:

• optimal storage costs for matrix and bases
(O (n))

• Disadvantages:
• high dependency between low-rank blocks,
• only implicit block/basis data
• much more complicated arithmetic
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Uniform-H Arithmetic
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Uniform-H Construction Uniform-H Arithmetic

Goal
Use existing method to construct H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H2-construction1)
first low-rank block Aτ,σ = Uτ,σ · V H

τ,σ
1 QR-factorization:

WRw = Uτ,σ

XRx = Vτ,σ

2 Uτ := W; Vσ := X
3 Sτ,σ := RwRH

x
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Uniform-H Construction Uniform-H Arithmetic

Goal
Use existing method to construct H-matrices with standard low-rank blocks and
convert on-the-fly to Uniform-H-matrix.

Algorithm (simplification of H2-construction1)
Update row cluster basis for

(
UτSτ,σ1VH

σ1 · · · UτSτ,σiVH
σi WTτ,σ XH)

=
(
Uτ W

)

=
(
Uτ W

)
RHQH

=
(
Uτ W

)
RH

≈ Ũτ

with basis approximation defined by precision ε.
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Uniform-H Arithmetic Uniform-H Arithmetic

Idea
Extend H-arithmetic by updating bases when a matrix block is modified.
Use accumulated H-arithmetic to reduce number of block updates.

Matrix multiplication C = C + AB

function Hmul(inout: C , in: AC , PC )
for all pending upd. (Ai, Bi) ∈ PC do

if (Ai, Bi) is computable then
AC := AC + Ai · Bi

if C has sub-blocks then
for all sub-blocks Cij do
Hmul(Cij , AC |Cij , PC |Cij);

else
C := C + AC ;

function UniHmul(inout: C , in: AC , PC )
for all pending upd. (Ai, Bi) ∈ PC do

if (Ai, Bi) is computable then
AC := AC + Ai · Bi

(optimized)

if C has sub-blocks then
for all sub-blocks Cij do
UniHmul(Cij , AC |Cij , PC |Cij);

else
C := C + AC ;
Update Bases;
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Uniform-H Arithmetic Uniform-H Arithmetic

Optimized evaluation of updates AiBi:
∑

i
AiBi =

∑

ulr×ulr
AiBi +

∑

g×ulr
AiBi +

∑

ulr×g
AiBi +

∑

g×g
AiBi

∑

ulr×ulr
AiBi = Uτ

(
∑

ulr×ulr
SA

i VH
σi UτiSB

i

)
VH

σ

∑

g×ulr
AiBi =




∑

g×ulr
AiUτiSB

i



VH
cls

∑

ulr×g
AiBi = Uτ




∑

ulr×g
SA

i VH
τi Bi





∑

g×g
AiBi =

∑

g×g
AiBi

Red: dense matrices.
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Numerical Results
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Laplace SLP Numerical Results

Solve ∫

Γ

1
|x − y|2

u(x)dy = f (x), x ∈ Γ = ∂Ω ⊂ R3.

Matrix entries:

Mij =
∫

ti

∫

tj

1
|xi − xj |2

dxidxj
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Laplace SLP Numerical Results

Matrix Memory (per DoF)
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Laplace SLP Numerical Results

Total Memory (per DoF)
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Laplace SLP Numerical Results

Ranks
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Laplace SLP Numerical Results

Runtime for Matrix Multiplication (per DoF)
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Laplace SLP Numerical Results

Parallel Speedup for Matrix Multiplication
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Laplace SLP Numerical Results

Runtime for LU factorization (per DoF)
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Laplace SLP Numerical Results

Memory for LU factorization (per DoF)
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Gaussian Kernel Numerical Results

Mij = e−γ|xi−xj |2

xi ∈ [0, 1]3 (random)
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Gaussian Kernel Numerical Results

Total Memory (per DoF)
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Gaussian Kernel Numerical Results
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Gaussian Kernel Numerical Results

Runtime for Matrix Multiplication (per DoF)
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Matérn Covariance Numerical Results

Mij = σ2

2ν−1Γ(ν)

(∥∥xi−xj
∥∥

`

)ν
Kν
(∥∥xi−xj

∥∥
`

)

xi ∈ [0, 1]3 (random)
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Matérn Covariance Numerical Results
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Matérn Covariance Numerical Results

Memory for LU factorization (per DoF)
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Conclusion
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Conclusion

Compression
Uniform-H is (normally) much more efficient than H and close to H2.

Arithmetic
Uniform-H is comparable with H.
But what about H2?

When to use?
If both compression and arithmetic are needed.
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Can we do more?
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Can we do more?
Use ZFP1 or Posits2 to further compress HLR data.
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1Lindstrom: “Fixed-Rate Compressed Floating-Point Arrays.”, IEEE Trans. on Vis. and Computer Graphics, 2014
2Gustafson, Yonemoto: “Beating Floating Point at its Own Game: Posit Arithmetic.”, Supercomp. Frontiers and Innovations, 2017
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Thank You
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